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Some Initial Thoughts
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Equivalence Introduction
• Problem: Some batches are experiencing fill weight  

that differs from 28 ounces. A consultant has recently 
implemented design changes and SPC methods. 

• Data: We sample n= 20 jars and they have a mean of �𝑦𝑦
and standard deviation of s.

• Method: Two-sided one-sample t-test
• Conclusion:  Consultant …”with a t-statistic of 0.77 and 

p-value of 0.45 we have proven our mean is equal to 28 
ounces”

• Question: Have we really established the equivalency of 
the mean of 28 ounces?

• Practitioners may criticize us for the stats term fail to 
reject the null believing you either accept the null or 
accept the alternate hypothesis; but it is quite 
descriptive.



Establishing Equivalence

• Failing to reject is a good start! Target value should fall within Confidence Intervals too.
• Need to determine what difference ∆ from 28oz is practically significant. Is it 0.000001 oz, 

0.1oz, 1oz, 10oz?
• Conduct two one-sided tests (TOST) by adding and subtracting this delta value to the 

desired target (28 oz).
• JMP Demonstration to show Distribution platform

• Test equivalence for a quarter ounce
• Test equivalence for a tenth of an ounce



Establishing Equivalence: 
Pharma Example

• Problem: Impurity must be consistent between lab results 
and when scale to a pilot plant for drug substances

• Data: 30 observations from each
• Method: TOST for two samples (Fit Y by X, Fit Model)

• Conclusion: For a difference of 0.3; the two scales are equivalent

Reference: Guidance for Industry Q11 Development and Manufacture of Drug Substances Nov 2012.



Establishing Equivalence:
Equal Distributions

• Are the probability density functions the same or close 
enough?

• Kolmogorov-Smirnoff test looks at max difference 
between the two CDF curves



Establishing Equivalence: 
Pharma Homogeneity Example

• Problem: Homogeneity within a drug substance batch and consistency between 
batches are required process validation activities expected by FDA

• Data: For sampling a formulated drug product from the hold vessel or during final 
container filling (vials/syringes), sample from a divided filling period (Beginning, 
Middle, and End) 

• Method: TOST for two samples (Fit Y by X, Fit Model)

Reference: Guidance for Industry Process Validation: General Principles and Practices. Jan 2011.



Establishing Equivalence: 
Pharma Homogeneity Example

• Conclusion: the product is homogeneous between the three intervals.
*note it is not required to adjust for experimentwise error (e.g. Tukey HSD) as each 
contrast must individually pass an average acceptance criterion (EAC)



M&S Verification & Validation Process

Source: DoD M&S VV&A 
Recommended Practice Guide



Generic M&S Framework



Modeling & Simulation 
Verification & Validation

• Establish the responses from the live-test data are “equal” to the 
simulation model 

Ho: The live data is equal to the simulation data
HA: The live data is not equal to the simulation data

• What is equal?
• Means
• Variances
• Distribution

• How close is close enough?
• Want high power and confidence 

For M&S V&V, use equivalence methods discussed so far!



M&S V&V Excursion 1: 
What If Only a Few Live Tests?

• Some programs have complex simulation models with only a few 
live test events available for validation

• Not possible to have enough runs to cover the operational envelope 
or make a credible statistical model

• What can be done with these observations for the validation effort?
• Compare live tests with prediction intervals generated from 

statistical emulator
• Generally going to be evaluated on a case by case basis if the point 

fell in or out of the interval
• Create plot of actual versus predicted—looking for slope close to 1 

with intercept at 0 (anything else is bias)
• Could do some binomial analysis on the percentage that fall in the 

prediction interval or not
• Aggressive root cause analysis and investigation needed to 

determine what happened for those that fell outside the interval—
should inform model update



A Single New Live Test: JAGM Example

• Consider live test at (.5, Apache, 
.5, .5)

• Use Save Columns to determine 
prediction intervals

• Lower 95% Conf Interval Formula

• Mean Confidence Limit
(71.6, 73.8)

• Indiv Confidence Limit
(65.0, 80.4)



5 New Live Tests: JAGM Example

• 5 live tests conducted, not 
necessarily at the recommended 
locations

• 2 of 5 fell out of prediction 
intervals generated by the 
emulator

• No consistent pattern in misses

Design Space for Live

Predicted Miss 
Distance

Lower 
95% PI

Upper 
95% PI

Actual

73.3 65.3 81.2 63.7
61.3 53.3 69.3 63.6
79.3 71.3 87.2 74.2
49.9 41.9 57.9 61.1

102.7 94.3 111.2 101.7



M&S V&V Excursion 2:
Equivalence of Parameters for Characterization

• Good to have response values approximately equal between live 
and simulated

• Often want to show factors and interactions are approximately 
equivalent between the two for characterization

• We could test to see if the simulated slope is equal to the live 
value

• Need to consider joint region

https://www.jpl.nasa.gov/spaceimages/details.php?id=PIA23320



Example: SDB II Weapon Effectiveness

• Problem: Small Diameter Bomb II is a multi-billion dollar system with very expensive 
test cases; M&S helps characterize performance, but it must be V,V&A’d

• Data: 5 factor response surface design for both live and simulated
• Method: Quick look profiler consistency, compare prediction interval accuracy, 

parameterize as test type, joint test all slopes

www.airforcemag.com



SDB II Quick Comparison
• Take a first cut at determining if the 

two models are similar



SDB II M&S V&V: 
Parameterizing Live vs Simulated

• Pool live and M&S data to build statistical model
• Create binary indicator TestType for live or M&S
• If statistically significant then not getting consistent results
• Use indicator with interactions also to see if sensitive to some conditions
• Method works best if you have a designed experiment for both live and 

simulated
• Example:



• We can also formally test the differences in slopes between the 
live and simulated value

SDB II M&S V&V: 
Comparison of a Single Beta



• Test for all parameters from live design are equal to the values
given by simulated—Custom Test (F)

• Not enough evidence to suggest the joint regression surface differs 
between the two

SDB II M&S V&V: 
Comparison of a Single Beta



• JMP does not compute the combined covariance matrix
• JSL script uses the correct combined covariance structure to 

determine the T2 test statistic and reports a p-value based on the 
Chi-Square

Hotelling T2 to Test 𝑯𝑯𝟎𝟎: 𝜷𝜷𝑺𝑺𝑺𝑺𝑺𝑺 = 𝜷𝜷𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳



• Often we need to establish two or more responses over a continuum 
are equal (e.g. time series, instrumentation data, 

• Possible to take differences at discrete points or min, max, average 
etc, but truly miss the functional form

Equivalence in Curves



• Functional data as responses is prevalent across 
many industries

• Same need to establish parameters equal to 
specific values or response curves are 
equivalent to one another or a standard

• Use example data set Fermentation that looks 
ethanol production 

Equivalence in Curves

https://en.wikipedia.org/wiki/Biofuel



Equivalence in Curves

• Cluster analysis of FPCs 
can group like curves 
with many graphics and 
metrics

• May have “Ideal” curve 
you want to establish for 
equivalence 

• Profiler links factors to 
original functions

• Could have put in factor 
for Live or Simulated



Summary

25

• Analysis objectives are often in practice to demonstrate that a 
process is within certain levels of equivalence

• Fail to reject alone is a necessary condition, but not sufficient
• JMP has many platforms where the workflow is already 

integrated with proper test statistics and visuals to tell the story



Questions?



Hotelling T2 to Test 𝑯𝑯𝟎𝟎: 𝜷𝜷𝑺𝑺𝑺𝑺𝑺𝑺 = 𝜷𝜷𝑳𝑳𝑳𝑳𝑳𝑳𝑳𝑳

• Given the simulation distribution (1) and live distribution (2)

• Still assuming                 , the quantity

follows the Chi-Square Distribution with p degrees of freedom
Note: estimates are asymptotically normal around true estimates; procedure does not account 
for variability in covariance matrices which may lead to slightly increased Type I error 
rate=>consider using α=.01 to .025 for small samples to approximate a .05 error
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